A new method for interpolation by rational functions of prescribed numerator and denominator degrees is presented. When the interpolation nodes are roots of unity or Chebyshev points, the algorithm is particularly simple and relies on discrete Fourier transform matrices, which results in a fast implementation using the Fast Fourier Transform. The method is generalised for arbitrary grids, which requires the construction of polynomials orthogonal on the set of interpolation nodes. The appearance of common factors in the numerator and denominator due to finite precision arithmetic is explained by the behaviour of the singular values of the linear system associated to rational interpolation problem. The new algorithm has connections with other methods, particularly the work of Jacobi and Kronecker, Berrut and Mittelmann, and Egecioglu and Koç. Short codes in Matlab and numerical experiments are included.
Introduction
Let P(N ) be the space of polynomials of degree less than or equal to N and R(m, n) the space of rational functions of the form p/q, where p and q are functions in P(m) and P(n) respectively, and m, n and N are nonnegative integers. In this paper we consider the numerical solution of the following rational interpolation problem, also known as the Cauchy interpolation problem [7] : Given , with x i = x j if i = j, and nonnegative integers m and n such that N = m + n, determine a function r ∈ R(m, n) such that (1.1) r(x j ) = p(x j ) q(x j ) = f j , for j = 0, . . . , N.
We refer to x as the set of nodes or the grid, and a rational function in R(m, n) as being of type [m/n]. Polynomial interpolation, the particular case of (1.1) in which n = 0, provides a convenient framework to introduce a discussion of rational interpolation. In this case the interpolant exists and is unique, and its representation in the Lagrange or Newton basis, for example, allows one to explicitly write the polynomial in terms of f , a useful property for theoretical and practical purposes (for an introduction to polynomial interpolation see, for example, [9, Chap. 2] ). The barycentric formula [5] is an efficient and numerically stable efficient Lagrange method for its evaluation.
Two particular grids for polynomial interpolation have been extensively studied in connection with the problem of approximating functions: roots of unity and Chebyshev points, i.e. extrema of Chebyshev polynomials [31] . Some of the properties of polynomial interpolation in these nodes are the following: simple barycentric weights [22, 44] ; computation of Taylor/Chebyshev coefficients with the Fast Fourier Transform (FFT) [17, 28] ; connection with least squares approximation [52, Sec. 7 .10]; "near-best" approximation [6, 18] ; algebraic convergence of smooth functions [32] ; and exponential convergence of analytic functions [52, Sec. 7.1] .
The distribution of the nodes is decisive in polynomial interpolation. For example, the asymptotic distribution of Chebyshev points is µ(x) = π −1
as N −→ ∞, which determines a constant logarithmic potential U (z) = log the convergence rate is ρ −N , where ρ is the sum of the semimajor and semiminor axes of the maximum ellipse with foci ±1 where f is analytic. Thus, if f is a function with singularities too close to [−1, 1] , the parameter ρ will be 1 + with > 0 very small.
The motivation for using rational functions is that by using a larger class of interpolatory functions it should be possible to overcome some of the deficiencies of polynomial interpolation. Theoretical and practical examples offer some evidence for this. For instance, when approximating meromorphic functions, the rate of convergence can be greatly improved when interpolating with rational functions of the appropriate fixed denominator degree [40, 42] . Furthermore, in recent years, spectral collocation methods for differential equations, in which an approximation of the solution is constructed by an interpolant that satisfies the equation exactly on a grid of points, have been shown to be improved by considering rational instead of polynomial interpolation [3, 47] .
The advantages of rational over polynomial approximation come at the cost of increasing the complexity of the problem, since the construction of the former, in contrast with that of the latter, is nonlinear. Particular issues such as the existence of a solution, poles that may arise in the interpolation interval, or degeneracy of the rational function, are well known to affect the Cauchy problem [54] . All these difficulties must be overcome by an algorithm designed to compute rational interpolants, and there is a substantial literature on this subject. We will not attempt to present a survey of the methods which have been proposed in the past, but refer the interested reader to the expositions in [1, Sec. 7 .1] and [33] and the references therein.
In this paper we present a novel solution of Cauchy's interpolation problem. We are driven by the simplicity and robustness that can be achieved for the polynomial case and we consider that a similar reliability would be desired when using rational functions. The algorithm is simple and useful for practical experimentation. Our motivation to study rational interpolation comes from our work in chebfun, a system in Matlab for numerical computations based on polynomial interpolation on Chebyshev points [50] . The algorithms we present in this paper are particularly easy to implement in this system and have been included since version 3 in the command ratinterp.
A fundamental aspect of our method is that the basis of P(N ) used to represent p and q depends on the grid, and the main idea is the following. First, construct the matrix
of an arbitrary polynomial q ∈ P(N ) (in a basis to be specified) into the coefficientsα ∈ C N +1 of a polynomial p ∈ P(N ) such thatp(x i ) =q(x j )f j . Second, constrainẐ to obtain a linear system Z such that the associated numerator and denominator polynomials, p and q, are in P(m) and P(n) respectively. Notice that the resulting polynomials satisfy the conditions
If q is such that q(x j ) = 0, j = 0, . . . , N , the function r = p/q ∈ R(m, m) satisfies the original conditions (1.1).
In Section 2 we introduce our method for rational interpolation in roots of unity. In this case the method is particularly simple and can be efficiently implemented using the FFT algorithm. In Section 3 we present our solution for rational interpolation on a general grid, taking particular interest in the cases of Chebyshev and equidistant points.
The connection between conditions (1.1) and (1.2) is presented in Section 4, where we discuss aspects of rational interpolation such as unattainable points and common factors. The arise of artificial common factors in p and q is explained by the computation in finite precision of the singular values of Z. Additionally we present a strategy to produce rational interpolants with denominators of reduced degree.
The Cauchy interpolation problem has been studied for almost two centuries and it has a rich history. Our method has a connection with the classic algorithm by Jacobi [24] and in Section 5 we present some of the many relations it has with other works, such as the barycentric rational interpolation method proposed by Schneider and Werner [46] and continued by Berrut and Mittelmann [4] , and the extension of Jacobi's algorithm developed by Egecioglu and Koç [10] based on orthogonal polynomials. In Section 6 we present a discussion of our method and suggestions for further work.
A word of notation: If A is a matrix of size (N + 1) × (N + 1), we denote by A j:k , j < k, the submatrix of size (N + 1) × (k − j + 1) formed with the columns j to k of A. A * denotes the conjugate transpose of A and z the conjugate of z ∈ C. When using the notation A The entrywise product of two vectors v and w is denoted by v ·w. I denotes the identity matrix, the size of which is implied by the context, and diag(v) is a diagonal matrix with entries given by the vector v. Finally, we denote by Φ the diagonal matrix of size (N + 1) × (N + 1) with (j, j) entry Φ j = f j .
Rational interpolation in roots of unity
In this section we present our solution of the rational interpolation problem when the grid is z = [z 0 , . . . , z N ] T of (N + 1)-st roots of unity, that is,
The derivation for this particular case in Section 2.1 is useful to highlight the ideas of the method for arbitrary grids that will be presented in Section 3. An implementation using FFTs and the barycentric interpolation formula is presented in Section 2.2. See [25] for an application, where a method based on rational interpolation in roots of unity for the location of zeros of analytic functions is presented.
Derivation of the method
We begin by presenting the construction of a matrixẐ that maps the coefficientsβ
the values of which at z are given by the entrywise product of f andq, that is
that transforms monomial coefficients of a polynomial into its values at roots of unity, e.g.
Aα =p, and Aβ =q.
Since monomials satisfy the discrete orthogonality property on roots of unity given by transforms the coefficientsβ into the valuesq, computesq · f , and transforms these values back to the coefficientsα times a constant factor. Notice thatẐ depends on f but we drop the subscript to simplify the notation. A schematic representation ofẐ is
Ifq(x j ) = 0, j = 0, . . . , N , then the rational functionr =p/q satisfies the interpolation condition (1.1) for z and f . However,r is in general a function of type [N/N ] and it is necessary to constrain the numerator and denominator to be polynomials in P(m) and P(n) respectively. To constrain the degree of the denominator, we restrict the row space ofẐ to C 
Hence, the last m columns of the rightmost matrix A in (2.2) can be removed when computing the first n + 1 coefficients of q. To constrain the degree of the numerator, we need to obtain conditions that guarantee that its coefficients are of the form
For suchα, an arbitrary vectorβ satisfiesẐβ = (N + 1)α if and only if it also satisfies the reduced system (2.6)
Thus, to restrict the degree of the numerator, we need to keep only the last n rows of the leftmost matrix A * in the right-hand side product of (2.2). Combining (2.5) and (2.6) we obtain the matrix However, for the evaluation of a rational interpolantr at a single point x, a method other than explicitly evaluating the quotientp(x)/q(x) is preferable: The rational barycentric formula
Implementation with FFTs and barycentric formula
where u j := w jq (x j ), with barycentric weights w j defined as
For rational interpolation in z the barycentric weights are known explicitly [22] :
Ifq(x) is a constant vector then (2.8) collapses to the barycentric formula for polynomial interpolation (see [5] for a recent survey). The barycentric formula is numerically stable, as shown by Rack and Reimer [38] and Higham [23] for the polynomial case and by Salazar Celis for the rational case [43] .
For an arbitrary vectorq(
with entries all different from zero, (2.8) defines a functionr in R(N, N ) that interpolates f in x. The underlying polynomialsp andq in P(N ) for the numerator and denominator are made evident when writing them as Lagrange interpolants of the valuesq(x) · f andq(x) respectively:
It is evident from (2.11) thatr always interpolates f exactly in x. When x = x i the evaluation of r should be f i instead of attempting to compute the value from formula (2.8), which is not defined in that case. Conversely, using the same argument it follows that any interpolant of type [N/N ] can be written in the barycentric form (2.8).
The arbitrary choice ofq gives N + 1 degrees of freedom that can be used to impose additional characteristics on the rational interpolantr. For example, for the Cauchy interpolation problem we have seen that these values are chosen in such a way that the rational function is of type [m/n], as noticed for the first time by Schneider and Werner [46] . Another example is the interpolant of Floater and Hormann [13] for which they impose conditions that guarantee thatr ∈ R(N, N ) is free of poles while keeping quadratic or higher rates of convergence as N −→ ∞. For a survey of rational barycentric interpolation, see [3] .
The code in Figure 1 presents a Matlab implementation of the ideas described so far. To obtain an element of the kernel of Z we compute its last right singular vector obtained from the Matlab command svd, which takes no more than a couple of seconds in our workstations even when n is in the hundreds. The singular values of Z provide information of the numerical aspects of the rational interpolation problem, and we present these observations in Section 4.
The only command that is not part of standard Matlab is bary, which is included in the chebfun system to evaluate the barycentric formula with arbitrary weights. In general, r_x = bary(x,fvals,xk,uk) interpolates the values fvals at nodes xk in the point x using the weights uk.
The following lines compute the interpolant in R (45, 4) 
) in 50 roots of unity and evaluate it on a grid of 200 points. As expected, the rational interpolant is a good approximation of the function in the unit disk [42] :
>> fh = @(z) log(2-z).*sqrt(z+2)./(1-16*z.^4); >> tic, rh = ratinterproots(fh,50,4); toc Elapsed time is 0.000590 seconds. The total computation cost of our method for rational interpolation in roots of unity is O(N 
Rational interpolation in other grids
In this section we present a solution to Cauchy's interpolation problem for an arbitrary grid x ∈ C N +1
. The basis that we use to represent the numerator and denominator is a family {φ j }, j = 0, . . . , N , of N + 1 polynomials such that the degree of φ j is exactly j and the φ j are orthogonal with respect to the inner product
that is,
The following theorem summarises the method presented in this paper. 
Equations (2.4)-(2.7) in Section 2.1 apply for the matrixẐ = C * ΦC, with A replaced by C, from which the result of the theorem follows.
In the remaining of the paper we denote C * m+1:
in Theorem 1 by Z.
We use Theorem 1 to obtain a solution of the rational interpolation problem on various specific grids. For each of them we establish the family of polynomials {φ j } orthogonal with respect to (3.1). These polynomials, in most cases, can be defined, from certain initial conditions, by a three-term recurrence relation of the form
Chebyshev points
Consider the family of Chebyshev polynomials of the first kind {T j }, simply referred in this paper as Chebyshev polynomials, defined in [−1, 1] by
and for higher degrees by (3.3) with
The N + 1 Chebyshev points of the first kind y
N ]
T are the zeros of T N +1 (x), given by
The following discrete orthogonality property is satisfied [31, Sec. 4.6.1]:
(N +1), j = 1, . . . , N . Thus, the matrix C above can be constructed with Chebyshev polynomials and the rational interpolant in y (1) is established from Theorem 1.
The efficient implementation of the interpolant presented in Section 2 for roots of unity, using the FFT algorithm and the rational barycentric formula, can be repeated for interpolation in Chebyshev points of the first kind. In this case, the appropriate tool to accelerate the computation of Z is the Discrete Cosine Transform (DCT), which computes the matrix-vector product C * x. And the barycentric weights used in formula (2.8) are given in [22] by (3.5) w j = (−1)
We present in Figure 2 an implementation of our method for rational interpolation in Chebyshev points of the first kind. This code is essentially the same as the one in Figure 1 for roots of unity, except for the explicit computation of the barycentric weights for the grid of Chebyshev points and the use of the DCT Orthogonal polynomials with respect to ·, · y (2) have been recently derived by Eisinberg and Fedele [12] . They are
and higher degree polynomials are defined by the three-term recurrence (3.3) with coefficients given by
,
, they satisfy a similar condition as (3.4), with the values κ j = φ j , φ j y (2) given exactly by
It follows from Theorem 1 that a rational interpolant for y (2) can be constructed from these polynomials. The method, however, can be slightly modified in this case to make it simpler by using Chebyshev polynomials instead. In particular, Chebyshev polynomials are orthogonal with respect to the inner product [31, Sec. 4.6.1]
, that is, similarly to (3.4), they satisfy , we have that C (2) ) andq =q(y (2) ), then, similarly as in the proof of Theorem 1, we have that
Notice that an alternative derivation of (3.8) can be obtained by applying the LobattoMarkov quadrature rule to the integral formulaα j =
dx of the coefficientα j of the polynomialp [39, p. 151] .
Following the same reasoning as in Theorem 1, the coefficients α and β of p and q are given by
For the implementation with the barycentric formula (2.8), the weights for y (2) are given by [44] (3.9)
In Figure 3 we present a code for rational interpolation in Chebyshev points of the second kind using the modified method. In this case we explicitly form the Vandermonde-type matrix C by the three-term recurrence of Chebyshev polynomials. 
Equidistant points
, and higher degrees polynomials defined by the three-term recurrence relation (3.3) with coefficients 
For the implementation with the formula (2.8), the barycentric weights are given by (3.10)
Two difficulties arise for interpolation in equidistant points using the method presented in this paper. First when N is large, Gram polynomials of degrees close to N have exponentially large oscillations near the endpoints, making them unsuitable for approximation of functions [2] . This introduces large numerical errors in the computation of the product C * m+1:N ΦC 0:n in Theorem 1, affecting the accuracy of the coefficients vector β. Second, the weights (3.10) near the origin and near the endpoints vary by exponentially large factors. Thus, even if the computation of the values q(t j ) were accurate, the interpolation with formula (2.8) would be ill-conditioned.
These difficulties are not surprising though, since it is known that the equispaced grid is a poor choice for the interpolation problem. A recent result by Platte, Trefethen and Kuijlaars, for example, shows that a stable algorithm for (linear or nonlinear) approximation from equispaced data cannot converge geometrically [35] .
Arbitrary Grids
For an arbitrary grid x for which a family of orthogonal polynomials with respect to ·, · x is not known explicitly, it is possible to obtain the associated matrix C by a numerical method [16 
Common factors of the rational interpolant
Theorem 1 establishes the conditions required to obtain p ∈ P(m) and q ∈ P(n) that satisfy (1.2). The following theorem is the main result that connects these polynomials with the solution of (1.1), the original rational interpolation problem. This result is due to Maehly and Witzgall [29] and can also be found, for example, in [54] and [21] .
Theorem 2 Let p ∈ P(m) and q ∈ P(n) satisfy equations (1.2). Then, p and q are of the form Moreover, we have that rank(Z) = n − δ + δs.
Proof The first part of the Theorem follows immediately from the definitions of p, q and s. The rank of Z follows from the observation that v is arbitrary, hence the nullity of Z is δv + 1 = δ − δs + 1.
The value δ is known as the defect and the rational function p/q is nondegenerate if δ = 0. Suppose that p and q satisfy (1.2). If none of the values q(x j ) is zero, then we can define the rational function r = p/q that interpolates f in the grid x. However, if q(x j ) = 0 for some j, i.e. x j is a zero of s, then p(x j ) = 0 and both p and q have the common term (x − x j ) that can be cancelled out. Thus, in this case the rational function r in its reduced form may or may not satisfy the interpolation condition, i.e. p(x j )/q(x j ) = f j may not hold for a certain x j . Grid points where the interpolation conditions (1.1) cannot be satisfied are called unattainable points and their presence indicates the nonexistence of a solution to Cauchy's interpolation problem. If there exists a solution to Cauchy's interpolation problem, then it is unique [54] .
Notice that q(x j ) = 0 is a necessary but not sufficient condition for a point x j to be unattainable. Unattainable points can of course be detected a posteriori simply by evaluating the rational function at interpolation points where q is zero.
Although it is trivial to construct artificial examples of rational interpolants with unattainable points, they seem to appear rarely in practical examples. A more frequent source of difficulties is the polynomial v which collects the common factors of p and q other than those due to s. From Theorem 2 it follows that δv can be detected by looking at the rank (or the nullity) of this matrix. In practice, however, it may happen that Z is numerically not of full rank while there are nevertheless no common factors in p and q. In infinite precision Z would be of full rank but linear independence is lost due to finite precision effects.
Consider for example the function [4] (4.1) f = exp((x + 1.2)
Its interpolant of type [18/18] in 37 Chebyshev points of the first kind in [−1, 1] does not have common factors, as can be verified with a symbolic computation software. In the top left panel of Figure 4 we plot 16 pairs of zeros of p and q computed numerically with Maple using 100 decimal digits of precision (the others are two zeros of p at infinity and two zeros of q at ±i/5).
On the other hand, if we use ordinary IEEE double-precision arithmetic to compute the same rational interpolant, the Matlab command rank determines that the rank of Z is 9. Since q(x j ) = 0, j = 0, . . . , 37, then we should have that δs = 0 and δ = δv = 9. In the top right panel of Figure 4 we plot 16 pairs of zeros of p and q computed in this way (the others are two zeros of p at approximately ±1.535 × 10 5 and two zeros of q at ±0.5i). Clearly the zeros and poles of the rational interpolant differ completely from the true ones. Notice that there are 9 pairs of common factors, in agreement with the computed rank of Z.
The lower panels of Figure 4 can give us more insight into this phenomenon. We compute the interpolants of f in R(k, k), k = 1, . . . , 18, that is, the first 18 elements in the diagonal of the rational interpolation table [54] . Each line corresponds to the singular values of the Z for each problem, normalized with respect to the largest value (the singular values when k = 18 are marked with a white circle, and for k = 1, . . . , 17, only the smallest one is marked with a black dot).
Similarly as before, the left panel shows the singular values obtained with Maple using 100 decimal digits, and the right panel shows the singular values computed in doubleprecision. A striking feature of these plots is the fast decay of the singular values as we increase k. When k = 18, the smallest singular value is approximately 1.4105 × 10 . In particular, when k = 18, only the first 9 are larger than M , which corresponds to the numerically computed rank of Z. Moreover, the remaining values introduce noise into the polynomials p and q, and since their singular values are numerically negligible, they correspond to common terms in the polynomial v.
In our experience we have seen this behaviour quite often, specifically when computing elements in the diagonal of the rational interpolation table: the singular values decrease very quickly reaching at some point machine precision, which in turn introduce artificial common terms in p and q that make the zeros and poles of the rational interpolant to deviate from the expected ones. To our knowledge, these observations have not been discussed before in the literature.
When the artificial common factors are introduced in the interpolant we can attempt to combine the (numerically) linearly independent vectors in the kernel of Z to produce a reduced denominator q, i.e. a coefficient vector β whose last entries are zero. This modifies the problem of computing an interpolant of type [m/n] into one of type [m/ν], where ν < n is the largest degree of the denominator such that no artificial common factors are present.
For example, let σ k , k = 0, . . . , n − 1 be the singular values of Z and V the matrix of the corresponding right singular vectors. If σ k < M for k = ν, . . . n − 1, the columns of V ν:n correspond to a basis for the kernel of Z. Let R be the triangular matrix of the QR factorisation of (P V ν:n ) T , where P is the anti-diagonal matrix that flips V ν:n upside-down. Then, the row spaces of (P V ν:n ) T and R are the same, but the first n − ν entries of the last row of R are zero. Hence, we can use the last row of R as a vector of coefficients for a reduced q. If the null space V of Z has already been computed, the following two lines compute the vector of coefficients β of the reduced q:
>> [Q,R] = qr(flipud( V ).' ); >> beta = flipud( R(end,:).' );
We use this strategy to obtain reduced denominators of rational interpolants of type [k/k], k = 1, . . . , 250, in Chebyshev points of the first kind, for the function
, with c = 0.6, and ω = 0.02. In the left panel of Figure 5 we plot the error of the rational interpolant as k increases. The thin line shows the error of the rational function with a denominator of full degree. The bold line shows the error when modifying the code to reduce the degree of the denominator, which is presented in the right panel of the Figure. The degree of the denominator slowly increases reaching 40 when k = 182, after which it remains almost unchanged.
Finally we should mention that zeros of q may appear anywhere in the complex plane. In particular, when interpolating values defined on [−1, 1], it may happen that the zeros of q are located inside the interval. See Figure 6 . This may prevent the use of rational interpolants in certain applications. Notice that q has zeros at −0.949409857044933, −0.371655244598090, and 0.663444249729421. Right: Interpolant in R (6, 6) . In this case q does not have any zeros in the interval.
History and Related Work
The first reference on the rational interpolation problem studied in this paper was Cauchy's 1821 treatise on analysis for theÉcole Royale Polytechnique [7] . In one of the appendices (Note V. Sur la Formule de Lagrange relativeà l'Interpolation), he studies the generalisation of the Lagrange formula for interpolation to rational functions of a prescribed type. After showing that the condition m + n = N guarantees the uniqueness of a solution, Cauchy derives an explicit though cumbersome formula for the rational interpolant . See [33] for more on the history of this problem. A major contribution to the understanding of the rational interpolation problem was published by Jacobi in 1846 [24] . His solution is one of the main approaches for rational interpolation, another being the one based on continued fractions, of which we say nothing in this paper. Jacobi's approach is as follows. Consider the Newton representation of a polynomial interpolant ϕ ∈ P(N ) in an arbitrary grid x,
where the coefficients are given by the divided differences
In particular, it follows by induction that the coefficient of degree N has the representation
where w i are the barycentric weights given by (2.9). Hence, if ϕ is a polynomial of degree strictly less than N , then
Suppose now that p ∈ P(m), q ∈ P(n), and p(x) = q(x) · f . If we replace ϕ(x) in (5.1) by p(x)φ j (x), where φ j ∈ P(j), j = 0, . . . , n − 1, and express q as
then it follows from (5.1) that
In matrix form, solving β in the previous set of equations is equivalent to computing the kernel of the matrix
If the same basis {φ j } is used to expand q, then
where Ω is the diagonal matrix of size (N + 1) × (N + 1) with (j, j) entry Ω j = w j . Notice the similarity of (5.3) with the matrix Z of Theorem 1. Consider the case in which
and the grid is z. From (2.10), and since z
3) reduces to the same matrix Z obtained in Section 2 given by (2.7). Similarly, consider the case in which the basis in (5.3) is fixed as
and the grid is y (2) . From (3.9), and since T j (y
k ), it follows that (5.3) reduces to the system C * m+1:N Φ C 0:n , where the columns of C are Chebyshev polynomials evaluated at y (2) . This is the same system (3.8) resulting from the "modified method" of Section 3.1 for Chebyshev points of the second kind.
Jacobi used monomials both for {φ i } and {ψ i }, however algorithms based on a system like (5.3) have been proposed and rediscovered several times in recent years. Authors that have used monomials include Kronecker [26] , Werner [53] , Meinguet [33] , and GravesMorris [20] .
More recently, Berrut and Mittelmann [4] proposed to solve Cauchy's interpolation problem by using monomials to define C, and directly computing u = ΩC 0:n β ∈ C N +1 , the weights of the rational barycentric formula (2.8), as an element in the kernel of
The n conditions at the bottom of Bu = 0 are the same as those in (5.3). And the m conditions at the top are similarly derived from (5.1) by replacing ϕ(x) for q(x)φ j (x), where φ j ∈ P(j), j = 0, . . . , m − 1. Reductions of the system to one of size n × (n + 1) are studied in [4] , [55] and [36] . Instead of monomials, Opitz [34] and Schneider and Werner [46] used the Newton basis, and Predonzan [37] and Salzer [45] used the Lagrange basis.
The choice of the basis is critical for the stability of the method. as we increase k. For the Chebyshev basis, on the other hand, the first singular values seem to converge while the tail remains close to machine precision as we increase k.
Another method derived from (5.2), closer in spirit to ours, is the one proposed by Egecioglu and Koç [10] . Instead of fixing the basis, they used a Stieltjes procedure to obtain polynomials φ j ∈ P(j), j = 0, . . . , n, orthogonal with respect to the bilinear form At the kth step of the Stieltjes algorithm the polynomial φ k in the matrix C of (5.3) is obtained from φ k−1 and φ k−2 . Since these polynomials are orthogonal with respect to (5.4) , at the end of the nth step all the entries off the diagonal of Z are zero, and it follows that φ n (x) corresponds to the denominator polynomial q(x). This method is very fast, since there is no need for explicitly assembling Z or using an SVD algorithm to compute an element in its kernel. However, since the weight of the bilinear form (5.4) depends on the values f and the barycentric weights (2.8), the method is sensitive not only to the grid distribution but also to the data values. In particular a special procedure must be used if any value f j is zero. This method has been developed further in [19] .
Discussion
We have presented a new algorithm for the solution of Cauchy's rational interpolation problem. We established conditions that ensure that
• the interpolation condition (1.1) is satisfied, and
• the polynomials p(x) and q(x) are of the appropriate degrees.
The first set of conditions are represented in the linear transformationẐ that maps the coefficients of q(x) ∈ R(N, N ) to the coefficients of p(x) ∈ R(N, N ) such that p(x j ) = q(x j )f j , j = 0, . . . , N . The second are obtained by appropriately restricting the matrixẐ. Theorem 1 summarises the method presented in this paper.
Our method relies on the use of polynomials that satisfy the discrete orthogonal property (3.2). Some recent research has been focused on these polynomials, and for particular grids they are known explicitly. In Section 3.1 we modified our method for Chebyshev points of the second kind by requiring orthogonality with respect to (3.6) instead of (3.1). This suggests that the method can be modified and perhaps improved by introducing specific knowledge of polynomials orthogonal with respect to other inner products.
The barycentric formula (2.8) provides an efficient method to evaluate the rational interpolant. And for the specific cases of roots of unity and Chebyshev points of the first kind, the matrix Z can be constructed using the FFT or the DCT. Notice, however, that for certain pairs (m, n) of the degrees of p and q, the explicit computation of the product C * m+1:N ΦC 0:n may be faster. This could be exploited in a general code for rational interpolation, by having different ways of constructing Z depending on (m, n).
Figures 4 and 7 hint at the relevance of the singular values of the matrix Z in understanding the rational interpolation problem. We have observed in our experiments that singular values decrease very rapidly (specifically when moving in the diagonal of the interpolation table), and when becoming negligible they introduce artificial factors in p and q that can be treated, at least numerically, as common. Another aspect that seems to be captured by the singular values of Z is the sensitivity of the solution which heavily depends on the basis used to represent p and q. Further work may look to obtain precise statements of the behaviour exhibited by the singular values discussed in this paper.
The identity (5.1) provides a family of methods to solve the rational interpolation problem by choosing different bases to represent p and q. This choice is important for numerical purposes, since it can affect the stability and speed of the method. We have found that researchers in this area are not always aware of the strong connections between their methods or of the importance of Jacobi's contribution. The algorithm that we present is not a member of this family but some connections between them were established.
An increasing number of applications of rational interpolation can be found nowadays. Some of the interests that have motivated this work are the computation of best rational approximants and the use of rational functions to approximate the singularity structure of functions in the complex plane. Additionally, we are currently exploring the generalisation of the method presented in this paper for least squares approximation with rational functions.
